Multipoint matrix Padé approximant bounds on effective anisotropic transport coefficients of two-phase media by S. Tokarzewski
Z. Angew. Math. Phys. 64 (2013), 167–178
c© 2012 The Author(s).
This article is published with open access at Springerlink.com
0044-2275/13/010167-12
published online May 3, 2012
DOI 10.1007/s00033-012-0214-z
Zeitschrift fu¨r angewandte
Mathematik und Physik ZAMP
Multipoint matrix Pade´ approximant bounds on eﬀective anisotropic
transport coefﬁcients of two-phase media
S. Tokarzewski
Abstract. It is well known that a tensor Stieltjes function f represents an eﬀective transport coefﬁcient q of an inhomoge-
neous medium consisting of two isotropic components. In this paper, we investigate multipoint matrix Pade´ approximants
to matrix expansions of f . We prove that matrix Pade´ ones to f estimate f from the top and below. Consequently the Pade´
approximants to q form upper and lower bounds on q. The inequalities for matrix Pade´ bounds on f and q are established.
They reduce to the inequalities for scalar Pade´ ones Tokarzewski (ZAMP 61:773–780, 2010). As an illustrative example,
matrix Pade´ estimates of an eﬀective conductivity of a specially laminated two-phase medium are computed.
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1. Introduction
One of the most popular method of a calculation of eﬀective physical properties q of inhomogeneous
media is a method of bounds. Wiener [21] derived optimal bounds on qjj , j = 1, 2, 3 with prescribed
volume fractions. These bounds are known as the arithmetic and harmonic mean bounds. For isotropic
materials, Hashin and Shtrikman [10] improved Wiener’s bounds using variational principles. Bergman
[3,4] introduced a method for obtaining bounds on qjj , j = 1, 2, 3 which does not rely on variational
principles. Instead, he exploited the analyticity of qjj , j = 1, 2, 3 as functions of the moduli of phases.
The method of Bergman was studied in more detail and applied to several physical problems by Mil-
ton [12–14,17]. A rigorous justiﬁcation of Bergman’s approach is due to Golden and Papanicolaou [9].
Speciﬁc continued fraction techniques for an evaluation of bounds on qjj , j = 1, 2, 3 were proposed by
Bergman [5]. The last three authors recovered the bounds reported earlier in [11,13].
Matrix continued fraction methods for computing matrix bounds on an eﬀective, anisotropic transport
coefﬁcient q are reported in [6] and [17, Section 28.4], see also [15,16]. Clark and Milton [6] calculate
the matrix ones on q for two-dimensional composites only. They start from a power expansion of q(z) at
z = 0 and the discrete values q(z1),q(z2), . . . ,q(zN ). Milton [17, Section 28.4] deals mostly with three-
dimensional composites. He computes the bounds on q from a power expansion of q(z) at z = 0. The aim
of this paper is to establish multipoint matrix Pade´ bounds [1,2] on an eﬀective, anisotropic transport
coefﬁcient q of a two-phase medium for the case, when matrix power expansions of q at a number of real
points are given.
1.1. Anisotropic transport coefﬁcients as a matrix Stieltjes functions
The eﬀective transport coefﬁcient of a macroscopically anisotropic two-phase medium, say the thermal
conductivity q, is deﬁned by











dy, z = h − 1, h = μ2
μ1
. (1.1)












= 0, (yj − T (j)) isY − periodic. (1.2)
Here Θ2(y) is a characteristic function of inclusions: Θ2(y) = 1 if y ∈ Θ2 and 0 otherwise. By μ1






/ |Y |, where Y is a unit cell. It is proved that the left-hand side of Eq. (1.1) is a









, dγ(u) ≥ 0, z ∈ C\[−∞,−1) (1.3)
satisfying the condition
f(−1) ≤ I, (1.4)
where 0 and I denote zero and unit matrices, respectively. The function deﬁned by (1.3)–(1.4) we call
a regular matrix Stieltjes one. Here the bold letters denote square matrices of order equal or more than
two.
The aim of this paper is to establish upper and lower bounds on a matrix Stieltjes function f(z)




cij(z − zj)i +O((z − zj)pj ), zj > −1, j = 1, 2, . . . , N,
cij = ci(zj) =
f (i)(zj)
i!





, i = 0, 1, . . . , pj − 1,
f(−1) = I.
(1.5)
Note that the inequality (1.4) is replaced by equality (1.5)3. It is justiﬁed, since the bounds on f(z) incor-
porating the exact value f(−1) = C (0 ≤ C ≤ I) are not worse than the ones incorporating f(−1) = I.
Power expansions (1.5) we call regular multipoint matrix Stieltjes series.
The Keller–Dykhne–Mendelson relation reported in [6, Eq. (2.10)] imposes on a regular two-dimen-









(1 − R(1+zf(z))−1RT), (1.6)
where R and RT are the rotation matrices
R =
∣∣∣∣ 0 1−1 0
∣∣∣∣ , RT=
∣∣∣∣ 0 −11 0
∣∣∣∣ . (1.7)
The power expansions of f(z) at z = zj , j = 1, 2, . . . , N (1.5) determine via the equality (1.6) the power







)i +O((z + zjzj+1 )
pj ), j = N + 1, . . . , 2N. (1.8)
From (1.6) and (1.8), we have at once:
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Conclusion 1.1. If the power expansions of f(z) at z = zj , j = 1, 2, . . . , N are given (1.5), then the
power expansions of f(z) at z = − zjzj+1 , j = 1, 2, . . . , N are known (1.8 ), provided that f(z) satisfy the
Keller–Dykhne–Mendelson relation (1.6).
On account of Conclusion 1.1, the methods working with the expansions (1.5) incorporate into Pade´
bounds on f(z) the Keller–Dykhne–Mendelson restriction (1.6) via the known expansions (1.8).
2. Matrix continued fractions to a matrix Stieltjes function
Now we apply a special transformation relating regular matrix Stieltjes series with matrix Stieltjes ones
f2(z) and f3(z), . . ., and fN+1(z) as follows
f1(z) = 1
I
I+ (z − z1)f2(z)
1, f2(z) = 2
I
I+ (z − z2)f3(z)
2, . . . ,
fj(z) = j
I
I+ (z − zj)fj+1(z)
j , . . . , fN (z) = N
I
I+ (z − zN )ξN+1ϕN+1(z)ξN+1
N ,
(2.1)
where matrix coefﬁcients k and ξN+1 are chosen in such a way that
fk(zk) = kk, k = 2, 3, . . . , N ; ϕN+1(−1) = I. (2.2)
Note that in formulae (2.1), the notation
I
I+ (z − zj)fj+1(z)
= (I+ (z − zj)fj+1(z))−1 (2.3)
is introduced. Since f1(z) is a regular matrix Stieltjes function from (2.1), we have
0 < fk+1(zk), 0 < I+ (z − zk)fk+1(zk),
zk > −1, z ≥ −1, k = 1, 2, . . . , N. (2.4)
Recurrence relations (2.1) lead to a matrix continued fraction expansion of f1(z) about N points zj , j =












It is convenient to rewrite (2.5) as follows
f1(z) = 1
I
I+ (z − z1)
1 × · · · ×N
I













Here the notation (2.3) is used.
3. Inequalities for matrix bounds on a matrix Stieltjes function
By substituting matrix Stieltjes series (1.5) to the recurrence relations (2.1), we obtain a general matrix
continued fraction expansion of f1(z)









I+ (z − zk)
k
)
×ξP ϕP (z)ξP ,
P0 = 0, Pj =
j∑
i=1
pi, P = PN + 1, j = 1, 2, . . . , N. (3.1)
Here ϕP (z) is a regular matrix Stieltjes function. Hence it satisﬁes the restriction
ϕP (z) ∈ φ1(z) = {u; 0 ≤ u ≤ I}, z ∈ [−1,∞). (3.2)
We call φ1(z) the elementary inclusion region. The general inclusion one φP (z) is equal to










I+ (z − zk)
k
)
×ξP (I − u)ξP . (3.4)
In the “Appendix” we prove that two-dimensional Pade´ approximants FP (z,u),u = 0, I satisfy the










(1 − R(1+zFP (z,u))−1RT), u = 0, I. (3.5)
If z = zk and u1 − u0 > 0, then from ( 3.4) and (2.4), it follows
FP (z,u1) − FP (z,u0) < 0 or FP (z,u1) − FP (z,u0) > 0. (3.6)
This means that the following relations (cf. (3.3))
f1(z) ∈ φP (z) < φP−1(z) < · · · < φ2(z) < φ1(z). (3.7)
are satisﬁed. From (3.7), we have
Conclusion 3.1. The matrix Stieltjes function f1(z) lies between matrix Pade´ approximants FP (z,0) and
FP (z, I). The Pade´ ones FP (z,0) and FP (z, I) form the best estimates of f1(z) obtainable using only the
given P power series coefficients, and that the use of additional power series ones (higher P ) improves
the bounds FP (z,0) and FP (z, I) on f1(z).
The question arises, which expression FP (z,0) or FP (z, I) gives the upper bound, and which gives the
lower one on f1(z). To answer this question, we ﬁx z
zM < z < zM+1, z1 < z2 < · · · < zM < zM+1 < · · · < zN (3.8)





















I+ (z − zk)
k
)
×ξP ϕP (z)ξP (3.9)






















I+ (z − zk)
k
)
×ξP IξP . (3.10)
Due to (3.6), the second part of (3.10) is greater in a matrix sense than the second one of (3.9). Hence
the calculation of the ﬁrst parts of (3.9) and (3.10) yield the inequality (cf. [8,20])
(−1)LP (z)FP (z,0) ≤ (−1)LP (z)f1(z) (3.11)
leading to the fundamental ones (cf. Conclusion 3.1)




pjH(z − zj) + 1,
H(z) = 0 if z < 0 or H(z) = 1 if z ≥ 0. (3.12)
Here LP (z) depends on the input parameters pj , zj , see (1.5). We call LP (z) the input function. It is easy
to check that matrix inequalities (3.12) reduce to the scalar ones reported in [19, (2.11)–(2.12)].
4. Fundamental inequalities for matrix bounds on eﬀective transport coefﬁcients
It is convenient to rewrite (1.3) as follows
f1(z) =
Q(z)
z , Q(z) = q(z) − I. (4.1)
Here q(z) is an anisotropic eﬀective transport coefﬁcient. Due to (4.1)1, the inequalities (3.12) take two
equivalent forms (cf. (4.1))
(−1)LP (z)FP (z,0) ≤ (−1)LP (z)Q(z)
z




pjH(z − zj) + 1,
(4.2)
or
(−1)RP (z)zFP (z,0) ≥ (−1)RP (z)Q(z) ≥ (−1)RP (z)zFP (z, I),
RP (z) = LP (z) + H(z). (4.3)
The formulae (4.3) determine, in terms of input parameters zj , pj , the upper and lower bounds on an
eﬀective, anisotropic transport coefﬁcients Q(z) of a two-phase medium. For isotropic composites, the
matrix inequalities (4.3) reduce to the scalar ones reported in [19, (3.3)].
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4.1. Illustrative example
In order to illustrate the inequalities obtained, we consider a matrix Stieltjes function
f1(z) =
∣∣∣∣∣∣∣∣
32 + 38z + 9z2
64 + 96z + 38z2 + 3z3
− 2(1 + z)
√
3z
64 + 96z + 38z2 + 3z3
− 2(1 + z)
√
3z
64 + 96z + 38z2 + 3z3
3z3 + 128 + 168z + 52z2
4(64 + 96z + 38z2 + 3z3)
∣∣∣∣∣∣∣∣
. (4.4)
representing the eﬀective transport coefﬁcient Q(z) of a specially laminated two-phase material. The























Here we have (cf. (4.4))
f1(−1) ≤ I. (4.6)
The input function (3.12) and the bounding one (3.4) reduce to (cf. (4.6))






I+ zξ3(I − u)ξ3
2
1, (4.8)
where (cf. recurrence formula (2.1))
1 =
∣∣∣∣−0.70710678 +0.0000000+0.0000000 −0.70710678







From (4.5) to (4.6) and (3.12), it follows the inequalities
F3(z,0) ≥ f1(z) ≥ F3(z, I), z ∈ [−1,∞). (4.11)
They impose on the components of matrices F3(z,0), f1(z),F3(z, I) the restrictions
F3(z, 0)jj ≥ f1(z)jj ≥ F3(z, 1)jj , j = 1, 2,
−
√
Δ3 + F3(z, 0)12 ≤ f1(z)12 ≤
√
Δ3 + F3(z, 0)12,
−
√
Δ3 + F3(z, 1)12 ≤ f1(z)12 ≤
√
Δ3 + F3(z, 1)12,
(4.12)
where
Δ3 = (F3(z, 0)11 − F3(z, 1)11)(F3(z, 0)22 − F2(z, 1)22). (4.13)
Deﬁnition 4.1. Estimates F3(z,0) and F3(z, I) satisfying (4.11), we call matrix Pade´ bounds on a matrix
Stieltjes function (4.4).











z + O(z2). (4.14)










Fig. 1. a Scalar (solid lines) and matrix (boxes) Pade´ bounds on diagonal component f1(z)11 (dashed line) of a matrix
Stieltjes function (4.4); b Differences between Pade´ bounds: upper scalar and upper matrix (solid line with empty boxes);
lower scalar and lower matrix (solid line with solid boxes)
(a) (b)
Fig. 2. a Scalar (solid lines) and matrix (boxes) Pade´ bounds on component f1(z)12 (dashed line) of a matrix Stieltjes
function (4.4); b Differences between Pade´ bounds: upper scalar and upper matrix (solid line with empty boxes); lower
scalar and lower matrix (solid line with solid boxes)
The bounding functions F s3 (z, u)11 and F
s
3 (z, u)22 constructed to (4.14) take the forms (cf. [19, (1.6)])





















They estimate f1(z)ij as follows (cf. ([19, (2.11)–(2.12)]))
F s3 (z, 0)jj ≥ f1(z)jj ≥ F s3 (z, 1)jj , j = 1, 2, z ∈ [−1,∞),
− F s3 (z, 1)12 ≤ f1(z)12 ≤ +F s3 (z, 1)12,
(4.16)
where
F s3 (z, 1)12 =
√
F s3 (z, 1)11F
s
3 (z, 1)22. (4.17)
Deﬁnition 4.2. Bounds F s3 (z, 0)ij and F
s
3 (z, 1)ij , j = 1, 2 fulfilling (4.16)–(4.17), we call scalar Pade´ ones
on a matrix Stieltjes function (4.4).
Scalar Pade´ bounds F s3 (z, 0)jj and F
s
3 (z, 1)jj are the Pade´ approximants to matrix Pade´ ones F3(z, 0)jj
and F3(z, 1)jj , respectively. Therefore, they satisfy the inequalities
F s3 (z, 0)jj ≥ F3(z, 0)jj and F s3 (z, 1)jj ≥ F3(z, 1)jj , j = 1, 2 (4.18)
writing, matrix Pade´ bounds (4.12)–(4.13) are not worse than scalar Pade´ ones (4.16)–(4.17).
Numerical calculations of scalar and matrix Pade´ bounds on a matrix Stieltjes function f1(z)
and an eﬀective transport coefﬁcient Q(z) are carried out and compared with the exact test
functions f1(z) and zf1(z) given by (4.4). The Pade´ estimates of f1(z) and Q(z) are depicted
in Figs. 1, 2, 3, 4, 5 and 6. Note that the bounds F s3 (z, 0)ij , F
s
3 (z, 1)ij , F3(z, 0)ij , F3(z, 1)ij and
zF s3 (z, 0)ij , zF
s
3 (z, 1)ij , zF3(z, 0)ij , zF3(z, 1)ij , i, j = 1, 2 satisfy the inequalities ( 4.12), (4.16) and (4.18),
respectively. The matrix Pade´ bounds F3(z,0) and F3(z, I) given by (4.8)–(4.10) fulﬁl the Keller–Dy-
khne–Mendelson restriction (1.6).
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(a) (b)
Fig. 3. a Scalar (solid lines) and matrix (boxes) Pad e´ bounds on diagonal component f1(z)22 (dashed line) of a matrix
Stieltjes function (4.4); b Differences between Pade´ bounds: upper scalar and upper matrix (solid line with empty boxes);
lower scalar and lower matrix (solid line with solid boxes)
(a) (b)
Fig. 4. a Scalar (solid lines) and matrix (boxes) Pade´ bounds on diagonal component Q(z)11 (dashed line) of a transport
coefﬁcient Q(z); b Differences between Pade´ bounds: upper scalar and upper matrix (solid line with empty boxes); lower
scalar and lower matrix (solid line with solid boxes)
(a) (b)
Fig. 5. a Scalar (solid lines) and matrix (boxes) Pad e´ bounds on a component Q(z)12 (dashed line) of a transport coefﬁcient
Q(z); b Differences between Pade´ bounds: upper scalar and upper matrix (solid line with empty boxes); lower scalar and
lower matrix (solid line with solid boxes)
(a) (b)
Fig. 6. a Scalar (solid lines) and matrix (boxes) Pad e´ bounds on a component Q(z)22 (dashed line) of a transport coefﬁcient
Q(z); b Differences between Pade´ bounds: upper scalar and upper matrix (solid line with empty boxes); lower scalar and
lower matrix (solid line with solid boxes)
5. Conclusions and ﬁnal remarks
In order to predict which an estimate zFP (z,0) or zFP (z, I) gives an upper bound and which gives a lower
one on an eﬀective tensor Q(z), the fundamental inequalities for matrix Pade´ approximants zFP (z,0)
and zFP (z, I) to an eﬀective transport coefﬁcient Q(z) are derived, see (4.3). The inequalities obtained
generalize the previous scalar ones reported by Wiener [21], Hashin and Shtrikman [10], Milton [17] and
Tokarzewski [18,19].
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It is developed a multipoint matrix continued fraction method (MMCFM) for computing multipoint
matrix Pade´ bounds zFP (z,0) and zFP (z, I) on an eﬀective, anisotropic transport coefﬁcient Q(z), see
((2.1)–(2.7)). MMCFM incorporates into zFP (z,0) and zFP (z, I) the matrix coefﬁcients of power expan-
sions of f(z) at a number of real points.
The bounds zFP (z,0) and zFP (z, I) are the best with respect to the given power series coefﬁcients
(1.6) and (1.8). An additional restriction on f(z) (for example the Keller–Dykhne–Mendelson relation
(3.5)) added to the given ones (1.6) and (1.8) allows us to improve the elementary inclusion region (3.2)
and thus to improve the bounds zFP (z,0) and zFP (z, I) (3.4 ). Now we are working on this problem.
In order to illustrate MMCFM, the bounds zF3(z,0) and zF3(z, I) on two-dimensional Q(z) are calcu-
lated. As an input data, we take two coefﬁcients of power expansions of f(z) at z = 0, see (4.5). Numerical
values of F3(z,u) and zF3(z,u),u = 0, I depicted in Figs. 1, 2, 3, 4, 5 and 6 conﬁrm the inequalities
(4.2)–(4.3).
MMCFM is especially suited for various implementations as a fast, accurate, numerical algorithm
(2.1)–(2.7), since it is simply recursive and does not involve the solutions of a large number of equations
or the computation of the zeros of high-degree polynomials. It can be used for an investigation of an
inverse homogenization problem studied in [7,22].
6. Appendix











(1 − R(1+zf(z))−1RT). (6.1)
Assume that f(z) appearing in (6.1) is a matrix Stieltjes function deﬁned by (1.3)–(1.4). Let the matrix
values of f(z) at N2 real points be given
f(z2j−1), j = 1, 2, . . . ,
N
2
, N -even number. (6.2)




(1 − R(1+z2j−1f(z2j−1))−1RT), j = 1, 2, . . . , N2 . (6.3)
The multipoint matrix Pade´ approximants LN (z) to the discrete values (6.2)–(6.3) take the form (cf.
(2.6))
LN (z) = 1
I
I+ (z − z1)
1 × · · · ×N−1
I
I+ (z − zN−1)
N−1 ×N N . (6.4)
Here the matrix coefﬁcients j satisfy the ﬁtting equations
LN (zj) = f(zj), j = 1, 2, . . . , N. (6.5)
Theorem 6.1. If a matrix Stieltjes function f(z) (1.3)–(1.4) satisfies the K–D–M relation (6.1), then the
multipoint matrix Pade´ approximants LN (z) (6.4)–(6.5) to the known discrete values of f(z) (6.2)–(6.3)











(1 − R(1+zLN (z))−1RT). (6.6)










and VN (z) =
1
z
(1 − R(1+zLN (z))−1RT). (6.7)
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I+ (z − zk)
τk
)








I+ (z − zk)
γk
)
×γNγN . γkγk > 0, (6.9)
where τj and γj , j = 1, 2, . . . , N are real matrix coefﬁcients. The relations (6.1)–(6.5) impose on (6.8)–(6.9)

















The system of equations (6.10) yield at once
τj = γj , j = 1, 2, . . . , N. (6.11)
On account (6.7)–(6.9) and (6.11) we obtain (6.6) immediately. 
Let us consider now the additional restriction (cf. (1.4))
f(zN+1) = f( − 1) = I. (6.12)
Matrix Pade´ approximants LN+1(z) to the input data (6.2)–(6.3) and (6.12) take the forms (cf. (6.4))
LN+1(z) = 1
I
I+ (z − z1)
1 × · · · ×N
I
I+ (z − zN−1)
N ×ξN+1ξN+1, (6.13)
where (cf. (6.2)–(6.3))
LN+1(zj) = f(zj), j = 1, 2, . . . , N + 1. (6.14)
Since jj > 0, j = 1, 2, . . . , N and ξN+1ξN+1 > 0 from (6.13), it follows that
LN+1(∞) > 0, if N is even. (6.15)
Now we are prepared to prove:
Theorem 6.2. If a matrix Stieltjes function f(z) (1.3)–(1.4) satisfies the K–D–M relation (6.1), then the
multipoint matrix Pade´ approximants LN+1(z) (6.13) to discrete values (6.2)–(6.3) and (6.12) also satisfy









(I − R(I+zLN+1(z))−1RT). (6.16)










z (I − R(I+zLN+1(z))−1RT)
)
∞,−1 (6.17)













Note that for z = −1, z1, z2, . . . , zN ,∞ the equalities (6.17)–(6.18) are true. On account of Theorems 6.1
and 6.2, they are also true for arbitrary z, see (6.16). 
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In order to illustrate Theorems 6.1 and 6.2, we consider the elementary matrix Pade´ bounds on f(z)
L0(z) = 0 ≤ f(z) ≤ L1(z) = I. (6.19)
It is easy to check that L0(z) and L1(z) appearing in (6.19) satisfy the K–D–M relation (6.16). From
(6.19) and (1.3), it follows the matrix bounds on an eﬀective coefﬁcient q(z)
μ1I ≤ q(z) ≤ μ2I leading to μ1 ≤ λ1(z), λ2(z) ≤ μ2. (6.20)
where μ1, μ2 are transport properties of components of a composite material, while λ1(z), λ2(z) denote
the eigenvalues of an eﬀective coefﬁcient q(z). It is worth noting that the bounds (6.20)2 satisfy the
inequalities [6, Ineq.(9.7) ].
Since Theorems 6.1 and 6.2 are valid for any sets of discrete values of f(z) surrounding the ﬁxed ones
f(zj), j = 1, 2, . . . , N they are also valid for power expansions of f(z) at zj , j = 1, 2, . . . , N . On account
of that we conclude:
Conclusion 6.3. If a matrix Stieltjes function f(z) (1.3)–(1.4) satisfies the K–D–M relation (1.6), then
the multipoint matrix Pade´ approximants FP (z, I) and FP (z,0) (3.4) to matrix power expansions









(I − R(I+zFP (z,u))−1RT), u = 0, I. (6.21)
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